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Abstract 

We present in this paper quantum real lines as quantum defomations of 
the real numbers H. Upon deforming the Heisenberg algebra Ch generated by 
(a, at) in terms of the Moyal *-product, we first construct (/-deformed algebras 
of g-differentiable functions in two cases where q is generic (not a root of unity) 
and q is the iV-th root of unity. We then investigate these algebras and finally 
propose two quantum real lines as the base spaces of these algebras. It is turned 
out that both quantum lines are discrete spaces and have noncommutative 
structures. We further find, minimal length, fuzzy structure and infinitesimal 
structure. 



1 Introduction 

The long-standing problem, quantization of gravity theory, undoubtedly requirs some 
fundamental modifications to our understanding of geometry. Quantum effects must 
cause essential changes of some concepts in the classical geometry. Therefore, we 
should reconsider, for example, the following problems: (i) What is a point? Is it 
just a stable and localized object, i.e., of null size? (ii) What is a line? Is it a one- 
dimensional object which is isomorphic to R? The aim of this paper is to challenge 
these essential problems. 

As for the first problem, we expect that a point will get some quantum fluctuation. 
As the result, it may become something fuzzy and have some extra structure. It is 
natural to expect further that such a quantum point cannot be expressed just by a 



real number. As a set of such quantum points, a quantum real line can be defined. 
Quantum line is, therefore, expected to be something fuzzy or discrete, and have some 
internal structure. The above observations indicate that quantization of geometry 
cannot be established on a commutative ring. In recent developments of the string 
theiry, nonstandard structures of geometry have appeared, e.g., noncommutativity 
of coordinates, fuzzy structure, and so on. Thus, it is quite important to make the 
concepts of geometry on a noncommutative ring clear more. We will refer such a 
geomrety as noncommutative geometry. 

So far, a noncommutative geometry has been presented by Connes [|TJ. The basic 
strategy of the Connes' approach follows from the Gelfand-Naimark theorem. The 
theorem states the correspondence between a manifold M and a comutative ring 
A(M), i.e., a functional algebra on M. In precise, once a commutative algebra A is 
given, a space or a manifold M is always found and geometrical informations of M 
can be derived from A. As an extension of this theorem, Connes has developped a 
noncommutative geometry according to the idea; if a noncommutative algebra A(M) 
is given as a deformation of A(M), the space M. which can be called noncommutative 
space will be found and its geometrical informations will be deduced from the algebra 
A(M). 

Here, one of the manipulations to derive A(M) from A(M) is to introduce the 
Moyal *-product instead of the standard local product • into the algebra A as the 
multiplication. On the other hand, quantum groups are deformations of classical 
algebras or groups, and have been expected to give some insight into geometry on 
a noncommutative ring. In Ref.@, noncommutative geometry has been discussed 
within the framework of quantum groups. 

The author has deformed the classical mechanics and derived g-deformed quantum 
mechanics in Ref.[[|. Let us review the process briefly, since we will follow it lattter. 
The starting point was the Poisson algebra A CM (T) on the phase space T, i.e., A CM (T) 
is the algebra of the classical mechanics. The algebra A CM (T) has been deformed 
into the algebra A qCiM (T^) of the g-deformed quantum mechanics where T 7 is a 
deformed phase space with the deformation parameter 7. One of the key steps in 
the program was the definition of T 7 . It was introduced by the product r 7 = T x 
Here T 2 was introduced as an two-dimensional spce and was regarded as an internal 
space attached every point on the external space T. Another important step was 



the definition of the multiplication to be introduced into ,4. 9QM (r 7 ). Here we have 
derived „4 gQM (T 7 ) from A CM (T) by twice the deformations. The first was performed 
by introducing the Moyal product *n into A CM (T), and the algebra of the quantum 
mechanics ^4 QM (r; * h ) was obtained. In the second step, ^4 QM (r; * n ) was brought to 
the final algebra ^4 9< ^ M (r 7 ; *) by the modifications *n — > * : = *^ <g> * 7 together with 
r — > r 7 . The Moyal products *n and * 7 act on the spaces of functions on V and on 
T 2 , respectively. The procedure is dipicted as 

a cm (t) A QM (r;* n ) 

I* 7 I* 7 

^ CM (r 7 ;* 7 ) ^Q M (r 7 ;*) 

Notice that there exists the other path to .4. 9QM (r 7 ; *) via „4. 9CM (r 7 ; * 7 ), the algebra 
of g-deformed classical mechanics. The essential fact is that the g-deformation comes 
only from the internal sector, i.e., the internal space T 2 and the product * 7 . 

In this paper, we will follow the above strategy to quantize the real numbers R, 
and we will propose quantum real lines. We will start, in Section 2, with deformation 
of the Heisenberg algebra Ch generated by the operators a and a*. The deformed 
algebra C q H will be proposed by introducing the internal sector .4.(72; * 7 ) which is 
the algebra of functions on T 2 and is endowed with the Moyal product * 7 . We 
will further modify C q H to the operator algebra C q by changing A(T 2 ; * 7 ) to A{%) 
where %_ is a reduction of 7~>. In Section 3, we will construct g-deformed algebras 
A of g-differentiable functions from the algebra C q . We will discuss A in two cases 
separately; the case where q is generic (not a root of 1) in section 3.1 and the case 
where q is a root of unity in Section 3.2. In Section 4, we will investigate the 
structures of the quantum real lines proposed as the base spaces of the algebras A. 
The subsection 4.1 looks at the case when q is generic and the quantum real line 
Rd is proposed. We will see that Rd is a discrete space and has minimal length. 
On the other hand, the quantum real line V R for the case with q at the N-th root 
of unity is proposed in Section 4.2. Here, it will be turned out that V R consists of 
R and fuzzy internal space. The internal space is called the infinitesimal structure 
since it is embedded into every infinitesimal crack between two real numbers x and 
i+eeR with an infinitesimal e. Concluding remarkes together with future problems 
are addressed in Section 5. 



2 Deformation of the Heisenberg algebra 



Let us first devote to a deformation of the Heisenberg algebra Ch, which is the 
operator algebra generated by the two generators a and satisfying the defining 
relation 

aa) — a) a =1. (1) 

According to the strategy developped in Ref.||, let us introduce the internal space 
T 2 and the algebra A{T 2 ) of functions on T 2 . Here T 2 is a two dimensional torus 
parameterized by 9 and r. The generators of A(T 2 ) are, therefore, written as 

U := e l \ V := e lT . (2) 

Now, we have to introduce a maltiplication into A(T 2 ). The most familiar and 
simplest choice is nade by the standard pointwise product • and we denote such an 
algebra as A(T 2 ; •). Obviously, A(T 2 ; •) is a closed and commutative algebra, i.e., for 
v /(£7, V),g(U, V) E A(T 2 ; •), / ■ g = g ■ f e A(T 2 ; ■). In this case, one identifies the 
base space T 2 with a classical torus. 

Another possible product to be introduced in A(T 2 ) is the, so-called, Moyal prod- 
uct * 7 with some deformation parameter 7. Let A(7 2 ; * 7 ) be the algebra endowed 
with the product * 7 . Then, let us observe A(T 2 ; * 7 ) by giving an explicit definition 
of * 7 . We follow Ref.|| where * 7 is defined as 



*7 




n 

n=Q 111 k=0 \ k 



It is easy to see from (|3|) that the algebra A{T 2) * 7 ) is no longer commutative but a 
noncommutative algebra. Indeed, one obtains the basic commutation relations as 

U * 7 V = e^V * 7 U , (4) 

9 * 7 r — r * 7 9 = —i^ . (5) 

Notice that the noncommutativity originates in the nonlocality of the product * 7 , 
The commutation relations ([|,|5|) suggests that the base space T 2 is the so-called 
noncommutative torus. 

Now, it is the time to construct g-deformed Heisenberg algebra C q H . We introduce 
C q H by the product of two algebras Ch and A(T 2 ), 

C q H = C H x A(T 2 ). (6) 



In presice, let us choose the generators of C q H as 

he := all, a\ := a'V, (7) 

i.e., C q H = {a | a = d(ag, d|) } is an operator space spanned by functions of operators 
a,0, a\. We then have to define the multiplication to be introduced in C q H . Upon 
assuming here that the sector Ch possesses the standard operator product, we have 
only to determine the multiplication associated with the internal sector A(T 2 ). In 
the above, we have studied two multiplications • and * 7 . The product • makes the 
algebra A(T2] ■) commutative and C q H trivial in the sense that A(T 2 ; ■) is factorized 
out from the sector Ch- Indeed, the commutation relation between ag, a\ G C q H . : = 
Ch x ^(^2; •) is the same as the relatio ([!]) in C H . Thus, A(T 2 ; •) does not affect the 
algebra C q H . and C q H . is essentially equivalent to Ch- We are not interested in this 
case. 

On the other hand, we have seen that A(T 2 ; * 7 ) is a noncommutative algebra. 
Owing to the noncommutativeityy, one expects that some nontrivial corrections will 
be made in the operator algebra C q Hif = Ch x -4(^2! * 7 )- Let us start the investiga- 
tions of C q H ^ with the commutation relation between the generators ag, a) T G C q H i( . 
By making use of the commutation relations given in eqs.(^) and (^), one easily 
obtains the deformed commutation relation 

ag * 7 d| — q a\ * 7 ag = U * 7 V, (8) 

where q is also the deformation parameter given by 

q = e'\ (9) 

Note here that, in the limit 7 — > 0, the algebra AiT^ * 7 ) reduces to A(T 2 ; •) and, 
therefore, C q H ^ -> C q H . = C H - 

Having obtained the operator algebra C q H ^, we can derive an algebra A on a 
g-deformed real numbers, i.e., (/-deformed real line. Our interests are in geometrical 
structure of the line. According to the strategy of the noncommutative geometry 
the structure will be extracted from A. These investigations are the tasks in 
the following sections. However, for the latter discussions, it is convenient to modify 
C q H „^ to the new algebra C q in which the internal sector is not the functuibal algebra 
A(T 2 ; * 7 ) but an operator algebra A{T\). The base space of A{T\) is a one- dimensional 



space T\. We will define AiT\) so that we have a similar commutation relation to 
([|). Furthermore, upon defining the algebra C q by 

C q := C H x A{Ti), (10) 

we require that the defining relation is similar to Before going to the explicit 
definition of A(7{), we should give a comment on the essence of the modification from 
£ 9 H,*.y t° £-q- We have seen that, in the algebra C q H ^, the g-deformation originates in 
the nonlocal structure of the product * 7 . On the contrary, we require that the same 
g-deformed effects come from the noncommutativities originating in the operator 
nature of A{T{). Here, we assume that the standard operator product is introduced 
in A(Ti). In presice, upon denoting the generators of A(Ti) as U and V, the basic 
commutation relation 

UV = qVU (11) 

instead of eq.(|) yields g-deformed effects in C q . 

Let us go ahead to the explicit representations of A{Ti) and C q . By writing the 
generators of A(T 2 ) as U = e t9 , V = e lT , the required relation (|TT| ) is satisfied if 



9 = 9, t = ij-^ := i^de. (12) 

Therefore, the base space T\ of the algebra A(Ti) is selectted as a one- dimensional 
torus parameterized by 9. Notice that the representations given in (TT) are consistent 
with the commutation relation corresponding to @, i.e., 9f — fd = —ij. Next, let 
C q be generated by the operators a q , a q which are defined by the substitutions 

a g i — > a q , e %e a\ i — > a\. (13) 

The commutation relation between these generators is finally obtained as 

a q a\-qa\a q = q ide . (14) 

We have reached the final g-deformed Heisenberg algebra C q with the deformation 
parameter q given in (Q). It is important to notice that the variable 9 becomes the 
coordinate of the internal space of the Hilbert space on which C q acts. 

In the next section, we will realize C q explicitly by T>, the algebra generated by 
a coordinate operator and a differential operator on g-deformed real numbers. We 
then represent T> by the algebra A corresponding to the Hilbert space of T>, i.e., A 
is the algebra of g-differentiable functions. 



3 Deformations of algebra of functions on R 



Recall that a posible representation of the Heisenberg algebra Ch is realized by the 
replacements a — > d x and — > x G 1R. We will adopt similar replacements to 
the g-deformed algebra C q . Let V be the operator algebra generated by g-deformed 
coordinate and g-deformed differential operators. The algebra T> can be derived from 
C q by the replacements 

a q — ► D q , a\ — > x (15) 

where D q and \ stand, respectively, for the g-differential and the g-cordinate oper- 
ators on a quantum real line. Our goal is to reveal geometry of the line. In order 
to reach there, we have to study the g-deformed algebra A on which the action of 
T> is defined. In the following subsections, we are going to discuss A for two cases, 
separately; in section 3.1, the case where q is generic and in section 3.2, the case with 
q at a root of unity. 

3.1 The case where q is generic 

Let us suppose first that the parameter q is not a root of unity. Upon the substitutions 
(jr5|), the commutation relation ( |Hp reads the commutation relation betwen D q and 



X as 

D qX -qxD q = q* de . (16) 

and the explicit expressions of these operators are presented by 

1 + gide q -ide _ j 

1 + q 1 x {q - 1) 

Here, we temporarily give the base space of these operators as 

$t = {x e \ x e := x + e ie , 0<i + 6R,0<k 2tt}. (18) 

One then construct a functional algebra Q q on K as 

W = {f(x e ) \x e eM,}, (19) 

where the multiplication is supposed to be the standard pointwise product -. The 
complete basis B of ^s q is given by 

B = {x n e I n e Z} (20) 



and, therefore, ^f(xg) G S 9 is expanded as 



f(x e ) = J2f n xl (21) 



neZ 



The actions of the operators x an d D q on ^s q are calculated explicitly by (|PTD, i.e., 

ifixsj = Xg fM±£llpr!l, d^) = MiM. (22) 

Note that, by taking the limit q — > 1 together with — ► 0, x becomes the stan- 
dard coordinate operator x such as xf(x) = xf(x), and D q reduces to the standard 
differential operator, i.e., D q f(xe) > i^f( x )- Furthermore, one shows that the 
g-differential operator D q satisfies the following properties, 

D q 1 = 0, for the identity le3 9 , (23) 
D q (/•</) = (DJ(x )) g{x e ) + /(ga*) (A^)) . (24) 



The first equation ( 23" ) indicates that D q vanishes constants in 3 9 , and ( Ell ) shows 
the deformed Leibniz rule. 

Now, one gives the g-deformed algebra ^4(S 9 ; D q ) as the algebra of functions on 
which the action of the operator D q is defined, i.e., A(Q q ;D q ) is the algebra of q- 
differentiable functions on 3ft. The base space 3ft is the object which is called "quantum 
real line" and its geometrical structure is derived from ^(S 9 ; D q ). By the definition 
given in flUf ), 3ft looks like the complex plane C. However, we should notice that the 
algebra ^(Q* 9 ; D q ) possesses only the difference operator. Therefore, 3ft may not be 
the standard complex plane but have some discrete structure. It will be turned out, 
in Section 4, that the final quantum real line, which will be derived from 3ft by some 
modifications, has such a discrete structure. 

Let us end this subsection with the study of g-differential structue in ,4(9 9 ; D q ). 
Notice first that, as far as 3 9 is considered, the internal sector does not play any 
special role. Indeed, for v /(x^), g(xg) G S 9 , / • g — g • f, i.e., 3 9 is still a com- 
mutative algebra. However, once the operator D q is taken into accout, i.e., the 
algebra ^(S 9 ; D q ) is considered, some nontrivial structures appear as shown above. 
It is interesting to show further that the exterior derivative d q can be introduced in 
A(% q : D q ) by 

d q f = d g X e Dqf(x e ). (25) 



By operating d q on the identity xg ■ f(xg) = f(x$) ■ x$, another noncommutativity 



d q Xg f(xg) = f{qXg) d q Xg (26) 

is found. Thus, one regards the algebra D q ) as a noncommutative algebra. 

3.2 The case where q is a root of unity 

Let us next turn to the g-deformed algebra A in the case where q is given by the 
iV-th root of unity, i.e., 

q = e i %. (27) 

Let AnC^n'i D q ) be the algebra of g-differentiable functions to be discussed in this 
case. Here $s q N represents the functional algebra on the base space given below. 



In the case with fl27f ), it is natural to expect that the base space is different from 9ft 



for the case with generuc q. Now, let us denote the base space as 

*si = {vt\yr-=v£, Z = e% (28) 

i.e., the algebra Q 9 N on 7v9ft is given by 

&N = {/(%) I /(%) = E Vl Vi e N^, }, (29) 

with the basis 

B N :={y£\neZ}. (30) 

In order to make Q q N and Av(Qat; D q ) explicit, we have to observe first the opera- 
tor algebta T>n which acts on An(^n'i D g )- We expect that T) N is drastically different 
from T> in the case with generic q. Indeed, it is well-known that the representations 
of quantum groups or quantum universal envelopping algebras with q at a root of 
unity are completely differet from those with generic q. For example, in a quantum 
representation 11(G) of the group G, a classical (undeformed) sector R(G) appears 
apart from a g-deformed sector 1Z'(G) such as 1Z(G) = R(G) <8> 1Z'(G). We will see 
later that such a remarkable structure appear in our algebras £V and An(^Sn'i 

D„). 

As in the previous case in Section 3.1, the g-differential operator D q is also intro- 
duced by the second equation in (^) with the replacement of the variable xq —>■ 
However, characteristic features of the case with q at a root of unity appear through 



the following equations; 

D q yf +r = [r]yf +r -\ for r^O, 
D q yf = 0. (31) 

One sees from (|3l"D that y^ is a constant with respect to D q . Further, one finds 
easily that the action of D q on v /(y^) G ^s q N is null. However, upon defining another 
operator d by d := Z>^/[iV]!, the actions of d on Bn are calculated as 

QykN,r _ fcyO* tfN+r ^ ^ k > 1 

dyl = 0, for r < N - 1. (32) 

where use has been made of the relation [fcjV]/[jV] = k. Notice further that y^, r < 
N — 1 behave as constants with respect to the operator d. It should be emphasized 
that, as can be seen from ([Jl]) and (p2[), these two operators D q and d are independent 
of each other on Q q N . Therefore, in order to define the operator algebra Vn, d is 
needed as well as the g-differential operator D q . 

Let us consider the algebra Q 9 N on which T>n acts. The above observations indicate 
that there exists the mapping ix such as 

LU LU (33) 

/(%) .— > tt(/) = A(xM0- 

Here the variable x is introduced by 

7r(yf +r ) = *y (34) 

with fceZ and r being valued in 

!{—p,-p + l,---,p—l,p}, for N = 2p + 1, 
(35) 
{— p+ 1, • • • ,p - l,p}, forN = 2p 

The basis Bn is, therefore, factorized into two sets as Bn — > W <8> vj where W : = 
| k G Z} and := {£ r | r G J}. Namely, any functions 6 S and G ^int 
are expanded as 

A(aO = ]TA fc a; fc , ^(0 = E^ r - (36) 
fcez rex 



Now, we have reached the important fact that the base space of 5s q N should be intro- 
duced instead of as 

9 K3(x,£), (37) 

whose gometrical structure will be clarified in the next section. 

Let us go back again to XV and observe how the operators in T)^ acts on the 
factorized space S ® Q^f The mapping n induces anothe mapping n : — > 
T>n <S> 'Dff. The equations in (|32|) show that the operator d acts on 3® 3 int as 
7r(<9) = d x ® 1, d x being the standard differential operator, while from eq.([H]), one 
sees that ft(D q ) — 1 eg) Z} g , i.e., 

a,A W = A AW , = (38) 

We are now at the stage to discuss the (/-deformed algebra ^4^(3^; £> ? ). The 
investigations given above indicate that AnC^n'i D q ) is essentially factorized as 

A N (%; D q ) = A N {% : 3 int ) := <9 X ) ® Ant(3 int ; A,). (39) 

The first sector A(3; <9 X ) can be regarded as the external sector and as the standard 
(undeformed) algebra of differentiable functions, where the variable x is real number. 
Namely, the base space of A($s;d x ) is just 1R. On the other hand, Ant^int; D q ) is 
regarded as the internal sector and is an algebra of g-differentiable functions. The 
base space of Ant(^int; D q ) is expected to have some nonstandard structure on which 
we will discuss later. Thus, in the case where q is a root of unity, the classical sector 
appears explicitly appart from the g-deformed internal sector. 

Finally, we should introduce a suitable multiplication in Ai n t- Notice here that the 
algebra Ant^int; D q ) is not closed with respect to the standard pointwise product • . 
Indeed, for r, r' G X, the value s such as £ r • £ r ' = £ s is not always in X. In order to 
make Ant^int; D q ) a closed algebra, let us introduce the mapping \x : A mt — > A{M). 
Here A(M) is the algebra oi N x N matrices M generated by the basis 



r = Mr 



In- 
L 



r £ X, (40) 



where I n is the n x n unit matrix and the convension Xv+ n = I n for n > is used. 
Notice that the algebra A(M) is closed under the standard matrix multiplication, 



and w = {£ r | r G T} is a complete basis. Further, w is orthonormal with respect to 
the pairing {A, B) := A^B. Hrere we use (£ r )^ = £~ r but (£ p ) t = £ p only for the case 
N = 2p. Since the mapping /i is an isomorphism between »4mt(3mt) and A(M), the 
multiplication -4int(Qmt) should possess is introduced as follows; upon denoting the 
multipliction as 0, the product of two functions ip, ip' G AnUQmt; D q ) is defind by 

V(0 ^'(0 := ^ WW)) (41) 

Now we have understood the g-deformed algebra An{^s : % n t) on 9 R. The geomet- 
rical structure of the base space 9 R will be discussed in the next section. 

4 Quantum real lines 

We have obtained the algebras of g-differentiable functions; for the case with generic 
q, we have ^(S 9 ; D q ) on the base space 3?, and for the case with q at the iV-th 
root of unity, we have An{^s : Q'mt) on 9 R. Let us go ahead to the main task of 
our progtam, i.e., the investigations of geometrical structures of these base spaces. 
This is performed via the algebras ^(S 9 ) and An(Q : Ow)- We will finally propose 
quantum real lines Rd when q is generic and V R when q is a root of unity. 

4.1 Quantum real line Rd ; q is not a root of unity 

Notice first that, as we have seen in Section 3.1, the algebra ^(S 9 ; D q ) possesses the 
difference structure induced by D q . We can, therefore, regard the base space 3? as a 
discrete space. To see this in more explicit, let us chage the variable from xg to x by 
the relation 

X = -Hogx e . (42) 

Now, let us denpte the base space parameterized by x as According to the 
change of variable, the difference operator D q with respect to x e should be changed 
to the operator A 7 with respect to x- One assumes the relation D q = (_Dgx)A 7 and 
finds 

A 7 = __. (43) 

Regarding Q q as the space of functions on R 7 , the action of A 7 on a functions 
f{x) ^ ^ 9 is explicitly written as 

A 7 /( X ) = /(X + 7) ~ /(x) . (44) 

7 



The key commution relation between the coordinate \ and A 7 is calculated as 

X A 7 - A 7 x = /C, (45) 

where fC is the shift operator such as )Cf(x) = fix + l)- 

On the base space R 7 , we have the algebra ^.(S 9 ; A 7 ) as the space of func- 
tions on which A 7 -action is defined. It should be emphasized that the variable x 
is, at this stage, thought to be continuous. However, upon choosing a value xo ar- 
bitrarily, one can reduce Q q to the subset 3d(xo) — {f(Xo + n l) | n G Z} owing 
to the difference operator A 7 . Namely, we can restrict ourselves to the subalgebra 
-A^dCxo); A 7 ) C A{^s q ]/S. 1 ). According to the restriction of the algebra, the base 
space is also restricted to a discrete space with equal distance 7. The base space of 
*4.($5d(xo); A 7 ) is, therefore, written as Rd(Xo) = {Xo + n r y\n G Z}. If one choose 
another point x'o e ^7> then the algebra A(^st>{Xo)'i A 7 ) is obtained as another sub- 
algebra of *A($5 9 ; A 7 ) and the base space Rd(Xo) is derived. As a matter of course, 
the algebras -4(^d(Xo); A 7 ) and A(^sr>(xb)i ^7) are equivalent. Dividing ^4(3 9 ; A 7 ) 
by the equivalence, one has finally reached the following proposition: 

Proposition 1 : Quantum Real Line Rd 

In the case where the deformation parameter q is not a root of unity, the quantum 
real line Rd is a discrete space composed of an infinite number of points Xn such as 

Rd := {Xn I Xn = n>y + Xo, n G Z }. (46) 

■ 

The quantum real line Rd is dipicted in Fig.l. 

• • • • • > Rd 

• • • Xn-2 Xn-1 Xn Xn+1 Xn+2 ' ' ' 

Fig.l The quantum real line Rd 

Let us look at the situations in the limit 7 — > (q — > 1). We find first that 
the intervals between adjacent two points become zero and the quantum line Rd 
becomes a continuous line. Further, the difference operator given in (|4*3| ) reduces 



to the standard differential operator d x with respect to the variable x- From these 
observations, one can conclude that, in the limit 7 — > 0, the variable x corresponds 
to the standard real number and, therefore, Rd — > R- 

It is important to discuss the relation between R 7 and Rd- As we have seen, 
the algebra ^(S 9 ; A 7 ) on R-y is the direct sum of an infinite number of subalgebras 
^(^d(xo); A 7 ) with < xo < 7- This fact immediately derives that R 7 is also the 
union of Rd(xo), i- e -, R7 — Uo< xo < 7 Rd(Xo)- One can say from this relation between 
R 7 and Rd as follows: A quantum real line Rd is nothing but a representative, In 
this sense, each point Xn £ Rd is a representative, i.e., an infinite number of Xn fill 
the interval, denoted as l n = [n.n + 1) C R 7 , of width 7. One cannot distinguish 
a point Xn G In from others. In other words, the location of the point Xn is always 
specified with the ambiguity of width 7. This suggests that we always have the 
uncertainty Ax ~ 7 in coordinate of the quantum line, i.e., there appears minimal 
length 7. 

As the final discussion, let us observe R 7 and Rd from another viewpoint. One 
should notice that the space R 7 parameterized by the continuous variable x can be 
regarded as a cylinder Rx S 1 . Each point in R, i.e., each real number has an internal 
space S 1 . Conversely, each point in S 1 has a real line R. Namely, an infinite number 
of real lines attach to S 1 . One can freely pick up just one real line R among them. 
The quantum real line Rd is identified with the real line R we have picked up and an 
infinite number of S l on the R. The interval I n corresponds to S , i.e., the size of the 
internal space S 1 is ~ 7. Taking the minimal length discussed above into account, 
one may consider that quantum point looks a one-dimentional circle. 

4.2 Quantum real line V R ; q is a root of unity 

Let us turn our attention to the case where the deformation parameter q is the iV-th 
root of unity. In Section 3.2, we have obtained the closed algebra An($s : $Smt) an d 
introduced the base space 9 R = {(z,£) | x <E R, £ = e ie , < 9 < 27r} in fl37|). We 
are at the stage to investigate geometrical structure of the space 9 R and to propose 
the final quantum real line V R. Since -4^(3 : 3 int ) is the tensor product of two 
spaces A($s; d x ) and ^^(^int! D q ), the base space 9 R is expected to be the tensor 
product of R and S which is introduced as the base space of Ant- What we should 
do first is to study the geometrical structure of the internal spaca S. 



To show the structure of S, one should notice that the basis w of A- in t is of finite 
dimension, i.e., dim. to = N, and recall that w is complete. Therefore, any function 
in A- m t can be expanded uniquely in terms of £ r , r G X. In particular, there exists 
the function 5(6; 6') G Ai nt which plays the role of the "delta function" as 

wo:=£(rr-(eo r = £^'-*). (47) 

Actually, in the limit of N — > oo, the function 5(0; 0') returns to the Dirac's delta 
function as 

lim 5(6; 6') = 5(6-6'). (48) 

N^oo 

This suggests that, for a point 6 = 6', the function 5(6; 6') does not have a sharp 
peak but spreads around the point. In this sense, the base space S is composed of 
"fuzzy" points and is regarded as a "fuzzy" circle. Thus, the internal space of 9 R is 
the fuzzy circle and 9 R is written as, 

q ~R = IR x S, (49) 

i.e., every point x G R has the fuzzy internal space S. 

Having obtained the base space 9 R as (||^), we should make clear the relationship 
between the internal space S and the external space R. Recall the following facts: 
The difference operator D q acting on the internal sector Q [nt generates the finite 
displacement £ — > q£. By the definition q = e 2/K% l N ; one finds D q : (x, 6) (x, 9 + jr), 
where P P' stamds for the mapping from the point P to the points between P 
and P' along S. Therefore, the iV-th power of D q brings 6 to the same position 6 
in S, i.e., D q : (x,6) ■=— > (x, 6 + 27r). However, upon taking the external space R 
into accout, the operator D q /[N}\ becomes equivalent to the differential operator d x , 
the generator of the infinitesimal displacement along R. Namely, for an infinitesimal 

D N 

number e G R, we find r^y = d x : (x,8) i— > (a: + e, 0). One can, therefore, identify 
(x,6* + 27r) with (x + e,6). This identification indicates that the internal space S 
connects two real points x and x + e which are separated by infinitesimal distance 
along R. In this sense, the fuzzy space S can be called the infinitesimal structure. 
In order to make such a structure more concrete and finally obtain the quantum real 
line V R, some manipulations are needed. 

The procedure for deriving V R from 9 R follows that given in the preceding sub- 
section where Rd was obtained from 3ft. We first reduce 9 R to a discrete iV-point 



space q 1R N and, then, ^R^ is modified to the final quantum real line V 1R. To start 
with the first step, notice that S is continous space. Actually, the variable £ pa- 
rameterizing S is continuous. However, once a point £o £ S is chosen, a subalgebra 
-4int(Qmt(£o)) is obtained owing to the ^-differential, i.e., difference structure. Here 
Sint(£o) = I Cr = £ e 2 ™^ , r = 0, 1, • • • , iV — 1}. One then finds the discrete 

space Sn(£o) = {£,r\r = 0, 1, • • • , TV — 1} as the base space of Ant(Sint(£o); D q ). If 
another point £ is chosen, another subalgebra Ant(Qmt(£o)> D q ) and its base pace 
Sn{£'o) are obtained. The continuous fuzzy space S is the union of all the discrete 
spaces as S = Uo<£ <g^v(£o)- Therefore, the base space 9 R is reduced to the discrete 
space 

q ~R N = R x S N . (50) 

The important fact to be noticed here is that, Sn is also fuzzy space, i.e., each point 
in Sn is not a stable and localized point. For example, the r-th point is not located 
at the position £ r but fluctuating around £ r . 

Let us go ahead to the next step where ^Rat is modified into the final quantum 
line V R. This is performed by changing the internal space S N into another discrete 
space Eg. In the quantum space 9 Rat, the internal space Sn is attached on every 
point of R as the extra dimension. On the other hand, upon considering V R to be 
an extension of R, an infinite number of the internal spaces Eg are embedded into 
the blanks V R \ R. The space E e is defined by the mapping tc : S N — > E e such as 

S N 3£r ' — ► Cr = reeE e ~, r = 0, 1, • • • , N - 1, (51) 

with some "number" e. By writing the algebra of functions on E e as 3 and the 
difference operator with respect to ( as A e , we have the algebra Ant^Ag). The 
difference operator A e is given by 

A.0(C) = 0(Cr+l) | ' 0(Cr) , 0(0 G9, (52) 

The point we should stress here is that, since E e is to be embedded into V R\ R, the 
number e cannot be a real number but e G V R \ R. 

It is the time to give the explicit definition of the quantum real line V R. First, 
we put Co on each real number x G R and (n '■= (n-i + e on the real number x + e 
with an infinitesimal number e. In this way, an internal space E e is embedded into 



the "crack" between x and x + e for every real number x G R, and we define the 
space M. (x) by 

.M(a;) = {x r \ x r = x + ( r = x + re, r — 0, 1, • • • , N — 1} 

We have finally reached the stage to propose V R through .M(a;), 

Proposition 2 : Quantum Real Line V R 

The qantum real line V R for the case with the deformation parameter q at the N-th 
root of unity is given by the union of M. (x) as, 

V R= |J M(x). 
xeR 

The quantum real line V R is shown in Fig. 2. 

Mx 
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x — e x X\ X2 x + e 

Fig. 2 The quantum real line V R 

where the dots • stand for the "standard" real numbers, while the circles o represent 
numbers in V R \ R. 

Some remarks on V R are in order. We have called the internal space S in 9 R the 
infinitesimal structure. In V R, the infinitesimal structure lying between x and x + e, 
x, e G R, corresponds to the spaces A4(x) \ {xo}. Thus, the infinitesimal structure 
spreads the interval between two real numbers x and x + e. As we stated above, the 
number e is an element of V R\ R. Since, e is represented by e as e = Ne, one should 
not consider e as an infinitesimal number in R but an element of V R. In other words, 
from the viewpoints of the extended real numbers V R, e is no longer an infinitesimal 
but a measurable number. One regards e as an infinitesimal number only when it is 
observed from the viewpoints of R. 

As can be seen from Fig.l and Fig.2, both quantum real lines Rd and V R are 
discrete spaces. However, there are essential differences between the two. In the final 
section, we will summarize these quantum lines by stressing the differences. 
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5 Concluding Remarks 



In this paper, we have proposed possible deformations of the real numbers R by 
taking quantum effects into account, i.e., quantum real lines. Our discusstions started 
from deformation of the Heisenberg algebra Ch by introducing an internal space T 2 . 
In order to derive nontrivial quantum effects from the internal sector, we further 
introduce the Moyal product * 7 as the multiplication of the functional algebra on 
T 2 . As the result, we have obtained the g-deformed Heisenberg algebra C q with 
the defining commutation relation fll4]) . We have next derived the algebras A of 
g-differentiable functions for the cases (I) where q is generic, i.e., q = e n with 7 
being irratinal or pure imaginaty, (E) where q is a root of unity, i.e., q = e 2m ^ N with 
an integer N. From these algebras, the geometrical structures of the base spaces 
have been deduced. Through these base spaces, we have proposd g-deformed real 
numbers, i.e., quantum real lines. 

Let us summarize our derivations of the quantum real lines. In the case (I), the 
algebra ^(S 9 ; D q ) is the space of functions on which the action of the g-differential 
opeeator D q is defined. Here, the base space was introduced as 3ft = {xq \ xq = x + e l6 }. 
We have shown that noncommutative natures of the algebra, e.g., eq.(^), arrise from 
the g-differential structure. In order to show the geometrical structures of the base 
space in explicit, the algebra ^(S 9 ; D q ) on 3ft was modified to the algebra .4.(0^; A 7 ), 
where the base space was modified to R 7 as well. Upon parameterizing R 7 by the 
variable \ given in (|42|), R 7 is still a continuous space. However, we found an infinite 
number of subalgebras in .4(0^; A 7 ). Actually, by fixing a point xo as an origin, 
the subspace Sd(xo) — {f(Xn) I Xn = Xo + n li ^ G Z} is extracted from Since 
two subalgebras Qb(xo) anc ^ ^d(Xo)> Xo 7^ Xo + n l are equivalent, we have divided 
^4(Q : 7 ; A 7 ) by the equivalence and finally reached the algebra *4.(^d : A 7 ). Hence, 
the base space of *4.(^d : A 7 ) is the discrete space R D shown in Fig.l. We have 
proposed Rd as the g-deformed real line in the case with generic q. The process from 
3ft to R D is 

3ft — > R 7 \^ Rd 

LU LU LU (55) 

xe X XnijiE Z) 

where \ stands for the reduction. 

Let us nnext summarize the case where q is the iV-th root of unity. We have 



started with the algebra Q q N of functions on the base space at3? = {y^ \ y^ = y£, £ = 
e t6 }. When the differential structure to be introduced in $s 9 N was considered, we 
found the identity = on *<s q N . On the contrary, we further found that the 
operator D^/[N]\ acts on Q 9 N as j^y kN+r = ky^ k ~ lS)N+r . From these observations, 
we have seen that the algebra AnC^n'j D q ) on ^3? decomposes as An^n'i D q ) — > 
An(^s '■ ^int) — A(Q; d x ) <S> Antl^mt; D q ) where A($$; d x ) is the standard algebra of 
differentiable functions on 1R = {x \ x = y N }. On the other hand, Ai n t(^Si n t', D q ) is 
the algebra of g-differentiable functions on the internal space S = {£ | £ = e l6 ', < 
9 < 2n}. The functional algebra % nt on S has the nonstandard property that 
the basis w = {£ n \ n G X} of $s- mt is of finite dimention, i.e., dim.w = N . This 
property affects the structure of S. Indeed, we have seen that S is a fuzzy space. 
An important fact is that the internal space S is attached on every point of the real 
line 1R and connects two real numbers x and x + e with an infinitesimal e. Thus, 
we have concluded that the base space N $t should be transformed to 9 R of the 
algebra An{^s : ^mt) an d 9 R is the product space as 9 R = 1R x S. To reach the 
finial quantum real line, two steps were needed for the internal sector ^.int^int! D q ). 
The first was the reduction to ^4int(^(Co)j D q ) composed of functions on the discrete 
space Sn = {£ r | £r = CoQ r , r = 0, 1, • • • , N — 1}, and we obtained the base space 
q H N = R x S N . The next step modified Ant(S(£o); D q) to tlie algebra At>(&, A e -) 
where S was the algebra of functions on the space Eg = {( r \r = 0, 1, • • • , iV — 1}. 
The space E e ~ was introduced instead of Sn so that we can extend R to V R. The base 
space V R is just the quantum real lne we have proposed . To define V R explicitly, the 
space M. [x) was introduced at ech point i6RasM(i) = {x r \x r = x + re, x = 
x, r = 0, 1, • • • , N — 1}. Finally, the quantum real line in the case with q at the 
iV-th root of unity has been defined by V R = \J xeIi Ai(x). Thus, we have found the 
infinitesimal structure represented by Ai(x) between two points x, x + e G R with 
an infinitsimal number e. In summary, the extension V R of real numbers R has been 
performed by the procedure as; 



Let us give some remarks upon natures of the quantum real numbers Rd and V R, 
and we would like to stress the differences between the two. Although both have sim- 
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ilar discrete structures, there exist some essential differences. The fact to be stressed 
first is that the quantum line IRd is, in general, composed of standard complex num- 
bers, i.e., Xn G C and points Xn are localized objects. The quantum effect appears 
in R D as the blank between two adjacent points. We have discussed in Section 4.1 
the physical picture of the interval, i.e., it is just the inimal length in quantum line. 
In other words, we always have the uncertainty Ax ~ 7 in measurement of position. 

On the other hand, each point x r G V 1R has fuzzy structure. Furthermore, x r 
cannot be represented in terms of the standard complex numbers, especially the 
interval e between x r and the case. We have stressed that V 1R is an extended 

object of the real number 1R. However, in V 1R, one can find R itself as the subset of 
V R. Actually, the dots • in Fig. 2 compose R. It is quite important to notice that the 
number e, the interval beteween two adjacent •, is an infinitesimally small number as 
long as we observe it within the viewpoints of R. On the contrary, once we observe 
e from the standpoint of V R, it is not an infinitesimal but an measurable number in 
terms of e as e = Ne. 

Another characteristic feature of V R to be emphasized again is the existence of 
the internal space A4(x) \ {x } at each pint x = x G R. In Fig.2, the numbers in the 
internal spaces are expressed by o. We have called the internal space the infinitesimal 
structure in the sense that M.{x) \ {x } lives between the two real numbers x and 
x + e. Thus, the quantum effects appearing in V R is different from those in R D . The 
discreteness yielding the noncommutativity and the minimal length is considered as 
the only quantum effect in R D , while, in V R, the appearance of the infinitesimal 
structure is the characteristic quantum effect. 

Let us find another difference between Rd and V R by looking at them at a long- 
scale. As for the quantum line Rd, we take the long-scale limit through q — > 1, 
i.e., 7^0. Then, the interval between two points becomes infinitesimally small 
and, therefore, the quantum line Rd reduces to R. Namely, at the long-scale, the 
discreteness of Rd is not visible and R D looks continuous. On the other hand, for the 
line V R, one obtains the case with q = 1 by setting N — 1. Then, M(x) bocomes 
the one-point space AA{x)\n=i = {xq = x G R}, i.e., the internal space vanishes 
and V R = R with e = e being an infinitesimal. The above situation is quite trivial 
and not beyond our expectation. However, in V R, there is another interesting case 
where we take the limit e — > with keeping N ^ 1. This case corresponds to the 



observation of V R at the long-scale such that the interval e is infinitesimally small 
and invisible. In this limit, each internal space A4(x) shrinks to a point x G 1R and 
we find the real line in which every point x has the internal structure. 

Let us end this paper by addressing an interesting problem to be studied further. 
It is the application of the quantum real line V 1R with N = 2 to supersymmet- 
ric model. Actually, the author has shown the equivalence between the quantum 
universal emvelopping algebra U q sl(2,C) with q at the 2nd root of unity and the 
super symmetric algebra Osp(2|l) M. In the case with N = 2, the space M.(x) is the 
two-point space such as M.(x) = {•, o}. It is natural to expect that one of them 
corresponds to bosonic space and the other to fermionic space. The investigation will 
appear elsewhere. 
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